Introduction {#Sec1}
============

The classical Jensen inequality is one of the interesting inequalities in the theory of differential and difference equations, as well as other areas of mathematics. The well-known Jensen inequality for a convex function is given as follows:
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The concepts of fuzzy measures and the Sugeno integral were introduced and initially examined by Sugeno \[[@CR6]\]. Further theoretical investigations of these concepts and their generalizations have been pursued by many researchers. Among them, Ralescu and Adams \[[@CR7]\] provided several equivalent definitions of the Sugeno integral and proved a monotone convergence theorem for the Sugeno integral; Román-Flores et al. \[[@CR8], [@CR9]\] discussed level-continuity of the Sugeno integral and *H*-continuity of fuzzy measures, while Wang and Klir \[[@CR10]\] presented an excellent general overview on fuzzy measurement and fuzzy integration theory. The Sugeno integral has also been successfully applied to various fields (see, e.g., \[[@CR11]--[@CR14]\]).

The study of inequalities for the Sugeno integral was initiated by Román-Flores et al. \[[@CR15]\]. Since then, fuzzy integral counterparts of several classical inequalities, including the Chebyshev, Jensen, Minkowski, Hadamard and Hölder inequalities, have been presented (see \[[@CR1]--[@CR3], [@CR16]--[@CR18]\]).

Kaluszka et al. \[[@CR2]\] studied the Jensen inequality ([1](#Equ1){ref-type=""}) for the generalized Sugeno integral by using the condition of monotonicity instead of the condition of convexity. The aim of this paper is to study the Jensen inequality for the generalized Sugeno integral without losing the condition of convexity.

The paper is organized as follows. Some basic definitions and summarizations of previous results are given in Section [2](#Sec2){ref-type="sec"}. In Section [3](#Sec3){ref-type="sec"}, the Jensen inequality for the generalized Sugeno integral is studied. In Section [4](#Sec4){ref-type="sec"}, the necessary and sufficient conditions for the validity of the discrete form of the Jensen inequality is presented. A conclusion is given in Section [5](#Sec5){ref-type="sec"}.

Preliminaries {#Sec2}
=============

In this section, some definitions and basic properties of the Sugeno integral which will be used in the next section are presented.

Definition 2.1 {#FPar1}
--------------

(Fuzzy measure \[[@CR7], [@CR19]\])
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Definition 2.2 {#FPar2}
--------------
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The following theorem gives most elementary properties of the Sugeno integral and can be found in \[[@CR19], [@CR21]\].
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Remark 2.4 {#FPar4}
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Definition 2.6 {#FPar6}
--------------

(Generalized Sugeno integral \[[@CR2]\])
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Example 2.11 {#FPar11}
------------
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Results and discussion {#Sec3}
======================

For the classical measure *μ*, the classical Jensen inequality is the following strong property of convex functions (see \[[@CR26]\]): $$\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar12}
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Proof {#FPar13}
-----
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Proof {#FPar15}
-----

Let ⋆,∘ = :∧. Clearly and Based on Theorem [3.1](#FPar12){ref-type="sec"}, the proof is obvious. □
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-----
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In the next theorems, the sufficient and necessary conditions for the reverse of inequality ([5](#Equ5){ref-type=""}) are given. The proofs are similar to the proof of Theorem [3.1](#FPar12){ref-type="sec"} and are omitted.

Theorem 3.5 {#FPar20}
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Generalized Sugeno integral and discrete Jensen inequality {#Sec4}
==========================================================

In this section, we deal with the discrete Jensen inequality for the generalized Sugeno integral of convex functions.

Theorem 4.1 {#FPar22}
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Conclusion {#Sec5}
==========

The classical Jensen inequality is one of the most important results for convex (concave) functions defined on an interval with a natural geometrical interpretation. In order to obtain a characterization for the classical Jensen inequality for the generalized Sugeno integral, it is clear that the classical conditions must be changed. Previously, some equivalent conditions have been obtained by losing the basic condition of convexity and replacing this condition with monotonicity (see \[[@CR2]\]). This paper studied the Jensen inequality for the generalized Sugeno integral by maintaining the condition of convexity. Also, the necessary and sufficient conditions for the validity of the discrete form of the Jensen inequality for the generalized Sugeno integral were investigated. For further investigations of integral inequalities in the area of the generalized Sugeno integral and their applications in other sciences, the results of this paper will be useful and effective.
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